and all nonnegative real numbers a, b with a + b = 2 and some conditions. This gives an extended inequality of conjectured by V. Cîrtoaje.
Introduction
Inequalities appear on the various branches of mathematics. In this paper, we give a result of an inequality with power exponential functions which is studied by V. Cîrtoaje et al. [1, 2, 3, 4, 5, 6, 7, 8] . The formula of inequalities with power exponential functions are very simple, but their proof is not as simple as it seems. V. Cîrtoaje et al. [3, 4] proved that the holds for all nonnegative real number r ≤ 3 and all nonnegative real numbers a, b with a +b = 2. Miyagi et al. [7] proved that the stronger inequality
holds for the same conditions. These inequalities (1.1) and (1.2) are conjectures by V. Cîrtoaje [2] . The following is our main theorem. holds for all numbers r ≥ 3 and all real numbers a, b
MITSUHIRO MIYAGI AND YUSUKE NISHIZAWA
The above inequality (1.3) is an extension of the inequality (1.1).
Preliminaries
In this section, we will show some lemmas to prove our main theorem.
Proof.
We set
then we have derivatives
Proof. We set
and
Since f
, there exists uniquely a number t 0 with 0
is strictly increasing for 0 < t < t 0 and g (t ) is strictly decreasing for t 0 < t < 1. From g (0) = 12 and g (1) = 20, g (t ) > 0 for all 0 < t < 1.
Since G 1 (t ) > f (t ) + g (t ) and f (t ) + g (t ) > 0, we have G 1 (t ) > 0 for 0 < t < 1.
Lemma 2.3.
There exists uniquely a number t 1 with 0 < t 1 < 1 such that G 2 (t 1 ) = 0, G 2 (t ) < 0 for 0 < t < t 1 and G 2 (t ) > 0 for t 1 < t < 1, where
is strictly increasing for 0 < t < 1. Since G 2 (0) = −18 and G 2 (1) = 87, there exists uniquely a number t 1 with 0 < t 1 < 1 such that G 2 (t 1 ) = 0. Therefore, we have G 2 (t ) < 0 for 0 < t < t 1 and G 2 (t ) > 0 for t 1 < t < 1. Here, we set
Lemma 2.4. If
Then we have following inequalities 
we have H 3 (t ) > 0. Therefore, we have H 1 (t ) > 0, H 2 (t ) > 0 and H 3 (t ) > 0 for 0 < t < 1.
(1−t )
Proof. We have
Then we have derivatives
Since ∂ 2 F (b, r )/∂r 2 ≥ 0, the function ∂F (b, r )/∂r is strictly increasing for r . By Lemma 2.1, we
Thus, F (b, r ) is strictly increasing for r ≥ 3. Since
we have
Thus, we can get
Therefore, it suffices to show that (2 − b)
this desired inequality becomes This is true by Lemma 2.5. Thus, the proof of Theorem 1.1 is completed.
